Abstract. Let p be a prime, G a locally finite p -group, K a commutative ring of characteristic p . The anti-automorphism g → g −1 of G extends linearly to an anti-automorphism a → a * of KG . An element a of KG is called symmetric if a * = a . In this paper we answer the question: for which G and K do the symmetric units of KG form a multiplicative group.
Let G be a group, K a commutative ring (with 1), and U (KG) the group of units in the group algebra KG . The anti-automorphism g → g It is an open problem to find the noncommutative KG in which the symmetric units form a multiplicative group. Here we solve this under the assumption that K has prime characteristic, p say, and G is a locally finite p-group. Our result is the following. The proof of the Theorem will occupy the rest of this note. p and G is a locally finite p -group, the augmentation ideal of KG is locally nilpotent, and so every element congruent to 1 modulo this ideal is a unit.
Theorem. Let p be a prime, K a commutative ring of characteristic p , and
is a symmetric unit in KG whenever g ∈ G. Of course, t is a symmetric unit whenever t ∈ G and t
= 1. This proves that the symmetric units form a multiplicative group if and only if every pair of elements of S commutes.
In particular, for a given p this issue is independent of the choice of K .
It will be convenient to call a locally finite p-group good if every pair of elements in S commutes (say, in KG with K = Z/pZ). Note that all abelian groups are good, all subgroups of good groups are good, and that a locally finite p-group is good if all its 2 -generator subgroups are good.
In a good group, any two involutions (that is, elements of order 2) commute. If g and t are as in the definition of S , then the only way t and
In the second case the subgroup g, h generated by g and t is a nonabelian dihedral group and therefore contains noncommuting involutions. This proves that in a good group every involution is central. 
If gh occurs more than once on the left hand side, we must have gh = g
g , and then we can take
This already shows that the prime p involved in a nonabelian good group can only be 2.
The point established in the second last paragraph can be taken further:
in those circumstances, x and y can be chosen so that the order of y is 4 .
To see this, note first that (xy) We sum up these conclusions in the following. . We conclude that H is good in each of these cases.
This completes the proof of the Theorem.
